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Abstract

This paper develops a novel density forecasting method for financial time series
following a threshold GARCH model that does not require the estimation of the model
itself. Instead, Bayesian inference is performed about an induced multiple threshold
one-step ahead value-at-risk process at a single quantile level. This is achieved by
a quasi-likelihood approach that uses quantile information. We describe simulation
studies that provide insight into our method and illustrate it using empirical work
on market returns. The results show that our forecasting method outperforms some

benchmark models for density forecasting of financial returns.

Key words: Density forecasting, multiple thresholds, one-step ahead value-at-risk (VaR),

quantile regression, quasi-likelihood.
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1 Introduction

This paper is motivated by the need to produce forecasts in the form of probability den-
sity functions for financial time series. To achieve this, we will use threshold GARCH
(TGARCH) models. These models have been studied by many researchers. For example,
Glosten et al. (1993) developed a TGARCH model, the so called GJIR-GARCH model, to
study the impact of negative and positive returns on conditional volatility dynamics. Za-
koian (1994) also proposed a TGARCH model for similar purposes. Park et al. (2009) stud-
ied persistent TGARCH processes; Yang and Chang (2008) considered a double-threshold
GARCH model with applications to stock and currency markets; and Yu et al. (2010) ex-
tended the CAViaR idea (Engle and Manganelli, 2004) to TGARCH and mixture-GARCH
models in order to take into account possible nonlinearity and structural change in the

value-at-risk (VaR) process.



We work with a general TGARCH model with k-regimes (see, e.g., Yu et al., 2010)
defined by

Ty = 5t\/h_t7

he =301 (oo + o0y cgpa?, + 300 Bighi—g) T [weea € Q]

€]

where ¢,s are independently and identically distributed (iid) random variables with 0 mean
and variance 1, the so-called delay parameter d is a positive integer, ;s are real-valued
thresholds such that —o0o = 79 < 71 < -+ < Vo1 < Y = 00, € = [yj-1, 7;), and
p; = 0 and ¢; > 0 define the order of the volatility dynamics in regime j. Moreover,
ajo > 0, aj, > 0, B, > 0, and I[-] is the standard indicator function. Liu et al. (1997)
proved that, under some regularity conditions, there exist stationary and ergodic solutions

satisfying model (1).

The TGARCH model (1) is different from that studied by Zakoian (1994), which is
defined by z; = 0,¢; and
op = aoty iy (o 2, — oy x ;) 4229, 8o, where ag, o, a; and 8 fori = 1,...,p
and j =1,...,q are model parameters, and z;7 = max (z;,0) and z; = min (zy,0).
Hence, the dynamics are defined through o, (the volatility) rather than h; (the variance),

and use the positive and negative parts of x;_; without squaring them.

Model (1) is also different from the GJR-GARCH model which is defined as z; = o0&,
and 0} = w437 (@i +&lfrey < O))af, + 320_, Bjo7;, where w, a;, & and §; for
1=1,...,pandj = 1,..., q are the model parameters. Here, the dynamics are defined for
the variance as h; = o2, but o7 follows different expressions according to the sign of z;_;

for: =1,...,p. These two models do not involve a delay parameter d or any thresholds.

Inference about the TGARCH model (1) is usually based on maximum likelihood es-
timation given the distribution of ¢;. Maximizing the likelihood over the threshold param-
eters -y; and the delay parameter d generally requires grid search methods. However, such

an estimation method is numerically intensive if a TGARCH model has more than one



threshold. See for example, Yu et al. (2010).

Forecasting occupies a very important place in financial time series anaysis. For exam-
ple, we may be interested in predicting volatilities, VaRs, expected shortfalls, or even the
entire distribution of financial returns. For the TGARCH model (1), if we know the distri-
bution of ¢; and the parameter values in h;, then any multiple-step ahead predictive quantity
of interest can be obtained by using, for example, a simulation method. Unfortunately, the
distribution of ; would not generally be known. Moreover, due to the estimation issues
discussed above, it is at present difficult to forecast with model (1) when it has more than
one threshold. For these reasons, this paper develops a novel approach to both estimation

and forecasting with the TGARCH model (1).

Let VaR; be the one-step ahead 7th quantile of x;|x; 1, where 0 < 7 < 1 and x;,_; =

(1,...,241). Yuetal. (2010) showed that if ; follows model (1), then VaR, satisfies

VaR;, = sq \/ S (a0 + Y0y ajpa?, + S0 b VaR? ) T [r—g € Q).

where aj, = Q*(7)aj, , in which Q(7) is the 7th quantile of ¢; , b;, = (;, and sq =
sign(Q(7)), that is, sg = 1(—1) if Q(7) > (<)0. We further define s = 0 for Q(7) = 0,
but we will not consider this case as this leads to a model that is not well-defined. Since Yu
et al. (2010) did not provide a proof for this important result, we give a detailed proof in
Appendix I. Note that VaR, defined by (2) depends on 7, but we have dropped 7 to simplify

the notation.

The purpose of introducing the one-step ahead VaR; process is that we want to use it,
instead of hy, to forecast with model (1). This is because estimating h; requires us not
only to deal with the multiple thresholds but also to know the distribution of ;, both of
which are difficult in practice. Since VaR, is the one-step ahead rth quantile of z;|x;_1,
Koenker’s (2005) method could be used for parameter estimation. Although this method
is distribution free, it is still difficult to use because part of it requires a grid search for

thresholds. This can be particularly hard when we have multiple thresholds, as shown by



Yu et al. (2010). So in this paper we propose a quasi-likelihood based method that uses
quantile information of the underlying process. It will become clearer later that this method

makes it much easier to estimate the parameters in (2) when there are multiple thresholds.

Not much work can be found in the literature on multiple-step ahead forecasting us-
ing quantile models. Taylor (2005) proposed a method for constructing financial volatility
forecasts from VaR estimates. Cai (2010) presented a forecasting method for quantile SE-
TAR time series models, while Cai et al. (2012) combined density forecasts from different
quantile AR models. All these forecasting methods require many quantile models to be es-
timated, corresponding to a sequence of quantile levels that cover the entire distributional
range of the underlying process. Consequently, models at extreme quantile levels also need
to be estimated. However, due to the lack of information at extreme levels, these mod-
els can perform poorly compared to those at non-extreme levels, leading to unsatisfactory
forecasting results. Moreover, if no monotonic restrictions are applied, the estimated quan-
tiles at different levels may cross over, resulting in invalid estimates. To deal with these
problems, this paper also proposes a non-parametric forecasting method for financial time

series that follow the TGARCH model (1).

In summary, the main contributions of this paper include: (i) the development of a
quasi-likelihood based method that uses quantile information about an underlying process
to estimate one-step ahead VaR; induced from the TGARCH model (1); and (i) a new
non-parametric density forecasting method for financial returns that follow model (1). The
forecasting method only uses VaR;, rather than h,, at a single non-extreme level in or-
der to produce multiple step ahead conditional density forecasts for z;. Hence it does not
suffer from the issues related to quantile crossing and poor extreme quantile estimations
that commonly occur in quantile regression analysis. Obviously, once density forecasts
are available, we are able to obtain any predictive quantity of interest about the financial
returns. Hence, this paper makes a contribution to quantile regression based density fore-
casting of financial returns. Our method does not, however, estimate the values of k, p; and

q;, although some further discussion about this is provided in Section 6.



The rest of the paper is organized as follows. The estimation and forecasting methods
are presented in Sections 2 and 3 respectively. Section 4 shows the results of an extensive
simulation study. In Section 5 we illustrate our method by conducting empirical work
on Hang Seng and S&P500 daily closing returns over a five year period. We compare our
results with those obtained from ARMA-GARCH and GJR-GARCH models. Some further

discussion and suggestions for future research are given in Section 6.

2 Parameter estimation

2.1 Quasi-likelihood estimation

Our task is to estimate the parameters a;j, , bj,, 7;, d and s¢ that appear in (2), conditional

on the values of k, p; and g; for all possible values of j, p and gq.

The conventional maximum likelihood approach specifies a density function for z;|x;_1,
assuming it to be the true density function of the underlying process. Unfortunately,
the consequences of model mis-specification can be serious. The quasi-maximum like-
lihood (QML) method is a common appraoch aimed at overcoming problems associated
with model mis-specification. As explained by White (1982, 1994), the QML method may
be defined by minimizing the Kullback-Leibler Information Criterion (KLIC) of the true
density function of z;|x;_; relative to the specified density function. The KLIC reaches
its minimum value 0 if and only if the specified density function is the correct one. As
well as White (1982, 1994), we refer to Wedderburn (1974), McCullagh and Nelder (1989),
McCullagh (1991), Firth (1993), Heyde (1997), Davidson (2001), Pawitan (2001), Davi-

son (2003) and Kuan (2004) for detailed discussions about the QML method.

A classical quasi-likelihood approach may focus on the mean and the scale of x;|x;_1
with respect to the mean; see Section 3.5 of Faraway (2016), for example. However, as
in our case we are not interested in the mean of x;|x;_1, we develop a QML method that

uses quantile information about x;|x;_;. Specifically, we are interested in estimating the
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quantile of z;|x; 1, i.e. the one-step ahead VaR,, at a given level of 7. We also want to take

into account possible heterogeneities in the underlying process x; when estimating VaR;.

As a first step in doing this, we consider u; = x; — VaR;, which we model as ,/g; vy,
where v; are iid random variables with 7th quantile O and variance 1. This implies that we

also have

Tt = VaRt + \/Evt. (3)

Proposition 1 gives the relationship between h; and g;.

Proposition 1 If z; satisfies both models (1) and (3), then g; = (h; + VaR;)/E[v?], where

Ev?] is the mean of v2. Furthermore,

pPj q;
9t = Z <¢j0 + Z DipTi, + Z quQt—q) I'we—q € 9], “4)
p=1 q=1

k
j=1
where ¢;, = (ajp + ajp) /E[03] for j =1,... kandp =0,1,...,p,.

See Appendix II for a proof. If follows from the positivity assumptions made about the o ,s
that ¢jo > 0 and ¢;, > Ofor j = 1,...,kandp = 1,...,p;,. It follows from Proposition
1 that g, depends on 7 as VaR, is the 7th quantile of x;|x;_;, but by definition h; does not
depend on 7. The different roles of g; and h; may be explained as follows: ¢; allows us
to take into account the heterogeneity in x; when estimating VaR;, while h; in GARCH
type models such as model (1) allows us to take into account the heterogeneity in x; when

estimating the conditional mean of z;.

Next, we propose a suitable distribution for v;. If a random variable W follows the

skewed-Laplace distibution, it has probability density function
fw)=71(1—=7)exp{—w(r —Iw <0])}. (5)

It can be shown that Pr (W < 0) = 7, so that the 7th quantile of TV is 0, and that Var[W] =
(1—2r+27%)/{(1- )’ 72}. Let the random variable V = (1 — 7) 7 W/v/1 — 27 + 272



so that Var [V] = 1. The change of variable formula yields that the probability density func-

tion of V takes the form

ﬂv)zme}{p{vm}’ ©6)

while 0 remains the th quantile of ; see Chen et al. (2009). Hence we can take f(v;) to

be the probability density function of v;.

Now, let fu,x,_, (VaRy, /g | x;—1,0) be the probability density function for z;|x;_1,
where 6 represents the parameter vector of the density function. Since x; — VaR; = /g;vy,

it follows again from the change of variable formula that

V1—27+ 272 {(xt—VaRt)\/l—27'+27'2}
exp :

el (VaRy, Xi-1,0) =
fal ( t\/@‘ —1,0) NG \/@(T—I[thVaRt])

(7N
That the 7th quantile of z;|x; ; is VaR; follows from the fact that the 7th quantile of
the skewed-Laplace random variable 11" and hence of the scaled random variable V' is 0.

Because z; — VaR; = /gy, then the scale of z;|x;_; with respect to VaR; is ,/g.

Finally, our quasi-likelihood function is given by L(8 | x7) = [, Jauxi (VaRy,
VG | X—1,0). The 6 that maximizes L(6 | x7) is our QMLE, which we shall call 8.
Because of the way in which this quasi-likelihood function has been defined, it can be seen

that our quasi-likelihood procedure is based on quantile information.

Now, letty = max;<;<i, (p;, ¢j,d), Vi = (VaR3, VaR3, ..., VaR?) and g; = (g1, ..., gs)-
Then conditional on the initial values V,, X¢,, g, and the values of £, p; and ¢; for all pos-

sible 7, the quasi-likelihood function of the parameters is given by

T
L(ﬂ? Y, d7 SQ | XT, ka P, q, Xy, Vtm gto) = H fa:t|xt_1(VaRt7 \/@ | Xt—1, 0)
t=to+1
_ ﬁ 1 eXp{(xt—VaRt)\/1—2T+272}’
VIt Vi (T = Iz = VaR])

®)

t=to+1

where 8 = (8,7.d,sg)’, B is a vector containing all the a’s, b’s and ¢’s parameters,
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~ contains thresholds, p and q contain all p’s and ¢’s respectively, and M = (1 —27+

272)(T=%)/2 j5 a constant. We now state a useful proposition.

Proposition 2 Let 6 be the QMLE of 6. Then we have
é = argmaxge( L(/Bu v, d7 SQ | XT, k? P, q, Xy, Vtm gto)

= arg mingeq  , It_—\/;_/:‘& (7- 7 {Jlt ?/%aRt <0

)
where (2 represents the parameter space.

See Appendix III for a proof. It is worth noting that if the errors of a linear regression
model are iid normally distributed, then the least-squares parameter estimate is equivalent
to the maximum likelihood estimate. Similarly, for a quantile regression model Yu and
Moyeed (2001) showed that if the errors u; = z; — VaR; are iid following the skewed-
Laplace distribution (5), then minimizing Z;‘;l p(x; — VaR,) is equivalent to maximiz-
ing the likelihood function 7(1 — 7)"exp{— >_,_, p(x; — VaR,)}, in which the function
p depends on 7. In this paper it is not u;, but v, = w,/,/g; that are iid, following the
skewed-Laplace distribution (6). In this case Proposition 2 tells us that minimizing the cost
function ), xt_—\/%aRt (T -1 {xt——\/;_ZaRt < 01 ) is equivalent to maximizing the quasi-
likelihood (8). In this way Proposition 2 provides us with the QMLE 8. We then obtain a

point estimate for the 7th quantile of z;|x,_; by evaluating VaR, at 0 as discussed above.

Unfortunately, it is difficult to optimize either the quasi-likelihood or the cost function.
This is because we are dealing with non-linear optimization problems and the parameter
space contains both integers and real numbers. This means that any numerical optimiza-
tion technique has to be carefully designed and tuned, and will be quite computationally
intensive. Sampling from the related posterior distribution using a Markov chain Monte
Carlo (MCMC) approach provides a natural alternative because it replaces a difficult opti-
mization with somewhat simpler sampling steps. MCMC approaches are computationally
intensive, but have the advantage that they immediately provide estimates of the uncertainty

associated with performing inference about the unknown parameters and quantities related
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to them.

It is worth noting that Propositions 1 and 2 imply that our QMLE method also allows
us to estimate the volatility process v/h; without knowing the distribution of £,. However,
as estimating the volatility process of x; is not the focus of this paper, we do not pursue this

further, but leave it for future research.

2.2 Posterior distribution

For reasons that have already been discussed, maximizing (8) directly is still a difficult
problem when more than one threshold is involved. Hence we propose a Bayesian ap-
proach to parameter estimation and inference implemented using an MCMC algorithm.
Our Bayesian approach requires that the posterior distribution of the model parameters is
well defined on a parameter space. For this purpose, we slightly modify the parameter
space by requiring that ¢;o0 > ¢o > 0 for all j and still denote the modified space by (2,
where ¢y is a fixed very tiny positive number. We set ¢ to the small value 1073 in order
to allow the parameter space to be as wide as possible. Hence this requirement has little

impact on parameter estimation.

Let mp(3,7.d,sq | k,p,d, X, Vi, &t,) be the prior density function of the param-
eters. By following the work of McCulloch and Tsay (1993, 1994) and Rosenberg and
Young (1999), we assume that the prior distribution does not depend on x;,, V;, and g;,.
We also assume that the prior distribution takes the form 7y(3, v, d, sg | k, P, 4, Xty, Vi, &)
= 7g(8) 7 (v)ma(d)7s(sq). Therefore, the posterior density function of @ is given by

7T-(/37'.}I7d7 SQ | XT7k7p7q7 Xtovvtougto) (9)

X L(/677ada SQ ‘ XT, k7p7q7 Xt07Vt0>gto)’frﬁ(/@)/ﬂ’y(V)ﬂ_d(cﬂﬂ—s(SQ)-

Proposition 3 If the prior density function

7.(-9(/67 Y, d7 SQ | kv P, q, X, Vtoa gto) = WB(IB)WV(’Y)Wd(d)Ws(SQ)

10



is well defined on €2, then the posterior distribution defined by (9) is also well defined on €.

See Appendix IV for a proof. It follows from Proposition 3 that for the posterior distribution
function to be well defined, we only need to ensure that the prior density function is well
defined on (2. To achieve this, we used a log-normal distribution as the prior distribution
for each of the parameters a;,, b;j, and ¢;, as they should be non-negative, and a normal
distribution for each of the thresholds «y; since they may take any real numbers. We let
the prior distribution of sg be uniform on its two parameters {—1,+1}, and we let the
prior distribution of d be uniform on {1, ..., dy}, where dj is the largest value of d that we
would like to consider; following Yu et al. (2010), we set dy = 3. An explicit expression
of the prior density function mg(3,~,d, sq | k, P, q,Xs,, V., 8t,) is given in Appendix V.
Because it is the product of proper densities, the prior density function is well defined on

) as required.

2.3 MCMC method

The basic idea of a MCMC method is to generate a sequence of model parameters tak-
ing values in the parameter space €2 such that they form a Markov chain, the equilibrium
distribution of which is the posterior distribution of the parameters; see Brooks (1998) for
details. Often, this is achieved by using the Metropolis-Hastings algorithm in which a can-
didate parameter value is simulated from a chosen distribution and this proposed value is
accepted as the next in the sequence with a known probability; see Gamerman and Lopes,

2002, Ch. 6, and Geyer, 2011, for example.

Let 3, ~, d and s be the current values of the Markov chain on (2. We will use the
notation @', 7', d’ and s, for the proposed values. Our MCMC method consists of the

following steps.

Step 1. Propose d’ and sg, by simulating @’ ~ {1,...,do} and s ~ {—1,1} uniformly.

11



Step 2. Propose 3’ by simulating its components from the following log-normal or truncated

log-normal distributions:

In ag'p ~ N(Inayp, 532'11)7 In b/ ~ N(lnbjy, s ‘q)a forall j,p,q
In ¢}, ~ N(lng,y, A3,), forall j,p#0

In ¢y ~ N(Ingjo, A%), for all j such that ¢y > ¢y

where ;,, 5;, and )\;, are the scales of the respective log-normal distributions.

Step 3. Propose +' by using the following truncated normal distributions:

Forj =1,...,k — 1, simulate v; ~ N(v;, éf) such that v € (aj,b), where a; = v
and a; = ~;_, for j > 1,b = 7%, and v and 7 are two proper values that define a range
of possible threshold values. Hence we have v < 77 <5 < --- < v;_; < 7. In this
paper we take 7 and 7 as the 25% and 75% sample quantiles of z; respectively. Of

course other values within the range of the samples could also be used.

Step 4. Define Q2 = [y;_,,7;) and calculate VaR} and g; for t = £, +1,...,T"

VaR; = SIQ\/Z?;I a;o + pj:l a;'px%—p + q 1 b;anRQ ) I [xt*d’ € Qﬂ

g,i - Zf 1 ( Z1 ¢Jp$t p ijl b;'qgé—q) ! [ﬁt—d’ € Q;] .

Step 5. Accept the proposed values with probability min{ ABC, 1}, where A, B and C' are

given in Appendix VI.

Step 6. If the proposed values are accepted, let (3,7, d,sq) = (8,7, d’, s;,); otherwise,

discard the proposed values. Go to Step 1.

The Metropolis-Hastings algorithm construction guarantees that the equilibrium distri-
bution of the Markov chain is the posterior distribution of the model parameters. Hence,
after a burn-in period, the posterior sample of the model parameters can be used to esti-

mate the model parameters. In this paper, the estimates for d and s were taken as the
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mode of the respective posterior samples because these two parameters take integer values.
For all the other parameters, the estimates were taken as the average value of the respective

posterior samples.

3 Forecasting

3.1 Method of forecasting

Let @t be the value of VaR; evaluated at the estimated parameter values. Our task now
is to use @t to obtain an m-step ahead density forecast for z, that follows the TGARCH

model (1), given the information up to time 7', where m = 1,..., M.

Since x; = £,1/h; by model (1), the Tth conditional quantile of z; is given by VaR, =
Q(7)v/h. This gives x;/VaR; = &;/Q(7). So if z; follows the TGARCH model (1), then
the residuals defined by v, = z;/ \7a§t can be assumed to be iid. This result leads to the

following non-parametric forecasting method.

Step 1. Calculate v; = xt/@t fort =ty,...,T.

Step 2. Estimate the distribution of ¢, using a non-parametric method, e.g. the kernel density

estimation method. Let the probability density function of ¢; be denoted by g(v).

Note that our estimation method for one-step ahead VaR; does not depend on the
distribution of ¢;, hence the theoretical distribution of ¢, is unknown. Using a non-
parametric method to estimate the distribution of ¥; does not require any further

assumptions on &;.
Step 3. Given xp, set m = 1:

(a) Calculate @TW

(b) Simulate v ~ g(v)

13



(c) Calculate 274, = v \@;Hm

(d) If m < M,letm = m + 1 and go to (a).

By repeating Step 3 multiple times, a random sample of z.,, values can be produced
and this sample can be used to obtain density forecasts and any other predictive quantity
of interest about the returns. This explains why our forecasting method differs from other
quantile regression based methods in the literature, and why we need VaR; at a single
quantile level 7 only. In Section 4, the effects of 7 on the performance of the forecasting

method will be studied.

3.2 [Evaluation of forecasts

We have seen that the forecasting method for z; following the TGARCH model (1) depends
on the assumption that the v, = x;/ \7aT{t are iid. This implies that it is important to check

the autocorrelation structure of the 0;s before using the forecasting method.

In addition, as \@t is the estimated 7th quantile of x;|x;_;, the 7th empirical quantile
of the ;s should be close to 1, which is equivalent to the 7th empirical quantile of @; =
Ty — \//eE{t being 0. This could also be easily checked based on either overall or local

coverage probabilities.

To perform this check using local coverage probabilities, we may use the moving win-
dow method proposed by Cai et al. (2012). Specifically, first a window width Wj is
selected, and then for i = 1,...,7 — W, + 1, the 7th empirical quantile of {0;,t =
iy...,i+Wy— 1} and of {ay,t =i,...,7+ Wy — 1} are calculated respectively. Finally
these local empirical quantiles can be checked against O or 1. Note that any values of W,
can be used provided that it is large enough to obtain proper empirical estimates of the local

quantiles.

Here we propose using the approach of Diebold et al. (1998) to evaluate and compare

density forecasts in practice. We do this because their approach does not depend on the

14



methods that were used to obtain the density forecasts. We will now outline the basic idea.
Let f(274m) be the density forecast of z7.,,, and let the probability integral transform of
Trim be defined by z,, = ff;*’" f(u)du, where m = 1,..., M. Diebold et al. (1998)
showed that density forecasts could be checked by testing if the probability integral trans-
forms obtained from the density forecasts are iid U(0, 1). If they are, then good density

forecasts have been obtained.

Diebold et al. (1998) further suggested that the Kolmogorov-Smirnov test (KS-test)
could be used to check the probability integral transforms, but also pointed out that this
test is not constructive in that if rejection occurs, the test itself provides no guidance as to
why. Because of this, Diebold et al. (1998) also suggested using graphical methods such
as plotting the empirical distribution of the probability integral transforms together with
an associated 95% confidence interval, and then comparing it with the U (0, 1) cumulative
distribution function. They also suggested using the autocorrelation function (ACF) plot
of w,, = 2, — Z to check the dependence between these probability integral transforms,

where Z is the mean of z,,.

In our cases, we do not have a mathematical expression for the density forecast at
time 7' + m. However, the density forecast can be estimated by using the random sample
obtained from the forecasting method. Hence, the probability integral transforms can be

easily obtained.

4 Simulation studies

4.1 Simulation study: Single threshold

Let us first consider the following model with one threshold:

0.2 +0.2522 , +0.Thy—1, a1 <0,
v =e/he, he= - . (10)

0.1+ 0.1522 | + 0.85h,_1, ;- >0,
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where ¢, ~ N(0,1). So,d = 1,p; = 1,q4 = 1,k =2,v =0, Qy = (—00,0) and

2y = (0, 00). For model (10), the one-step ahead VaR, at a level T is given by

501/0.2Q(7)2 +0.25Q(7)22x2_, +0.7VaR? | , 2,4 <0,
vk, | 5/02Q +025Q() ., L wi o

sQ\/o.1 Q(1)2 + 0.15Q()222 , + 0.85VaRZ , , w_; > 0.

where Q(7) is the 7th quantile of ;. So, the true parameter values of expression (11) and
the values of the ¢;,s that appear in expression (4) for g, are known once 7 is fixed. Table 1

shows the true parameter values at four different levels of 7.

Table 1: True parameter values at four levels of 7
T | 005 025 075 095
aip | 0.541 0.091 0.091 0.541
app | 0.676 0.114 0.114 0.676
az | 0.271 0.045 0.045 0.271
as | 0.406 0.068 0.068 0.406
b1 | 0.700 0.700 0.700 0.700
by | 0.850 0.850 0.850 0.850
SQ —1 —1 1 1
¢10 | 0.391 0.208 0.208 0.391
¢11 | 0489 0.260 0.260 0.489
¢ | 0.196 0.104 0.104 0.196
@21 | 0293 0.156 0.156 0.293

We simulated a time series from model (10) of length 500, shown in Figure 1(a), which

we treat as the observed data.

To check the performance of our method, we will (i) estimate the one-step ahead VaR;
at levels 7 = 0.05,0.25,0.75 and 0.95 (note that other levels can also be considered);
(i1) discuss multiple step ahead density forecasts; and (iii) discuss multiple step ahead VaR

forecasts at different levels.

4.1.1 Model estimation

Let us first estimate the one-step ahead VaR, defined by (11) at the four levels. All initial

parameter values required by the MCMC method were chosen by randomly simulating a
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Figure 1: Plots of the simulated time series.
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Figure 2: The posterior samples of the model parameters, where the horizontal lines
correspond to the true parameter values shown in Table 1.
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number between 0 and 1, except for d that was randomly chosen from 1, 2 and 3. The
Markov chain was run for 5 x 10° steps and the first 10° values were removed as burn-in.
Time series plots of the saved parameter values show that the Markov chain has converged
for all four values of 7. Figure 2 shows these plots when 7 = 0.25; plots for the other 7
values are similar. We see that the true parameter values (indicated by the horizontal lines)
are well within the range of the posterior marginal distributions, and the mode of d is 1
which are the true value. Note that as the posterior samples of s¢ are always —1 we did not

show it in Figure 2 to make the figure clearer.

Density

Density
00 01 02 03 04 05 06 07

0.00 005 010 015 020 0.25

Density
Density

00 01 02 03 04 05 06 07

0.00 005 010 015 020 0.25

Figure 3: In each panel, the black continuous, grey and dashed curves correspond to the
probability density function plot of £,/Q(7), ¥, and 0, respectively.

For comparison purposes, let o, = x;/VaR; be the value of v; evaluated at the true
parameter values given in Table 1, so that the distribution of v; should be very similar to
the theoretical distribution of ¢,/Q(7). Figure 3 shows the density function plots of vy,
0 and ;/Q(7). It can be seen that all these density functions are very similar. Indeed,
when the KS-test was used to compare these distributions, the p-values were found to be at

least 0.0492, which confirmed that the distributions are not different from each other at a
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1% level of significance. This suggests good performance of the method for the different

values of 7 considered here.

Two sets of empirical coverage probabilities were calculated by using one-step ahead
VaR; (using the true parameter values) and @t. Table 2 shows that \7a§t’s do have good
coverage probabilities at all the quantile levels considered in this simulation study. This is
quantified further using RMSE, the square root of the mean squared errors between the 7’s

and the empirical coverage probabilities.

Table 2: Empirical coverage probabilities at different levels

Using VaR;
True probability 7 0.05 025 075 095 | RMSE
Count 20 136 397 474

Estimated probability | 0.04 0.272 0.794 0.948 | 0.01350

Using VaR,
True probability 7 005 025 075 095 | RMSE
Count 28 116 387 477

Estimated probability | 0.056 0.240 0.774 0.954 | 0.01349

4.1.2 Density forecasts

The following simulation method was used to obtain a random sample of x7,,,, conditional
on xr, as the true conditional density function of z7,,|xr is not analytically available.
The method comprises the following steps: (i) Start from A7, ., 2%, and e, | ~
N(0,1), where b, 1 = hrgm—1, Ty 1 = Trpm—1, f T4+m—-1<T,m=1,..., M.
We let M = 25 in this simulation study, but any other value of M can also be used. (ii) Let
& m ~ N(0,1), use (10) to calculate A, and let @/, = €,/ . By repeating
these steps multiple times a random sample of z7,, can be obtained. These samples can
be used to estimate the conditional density function of xr,,, denoted by f,,(z | x7). As
fm(z | x7) should be very close to the theoretical density, we compare our density forecasts

with it.
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Now let fmT(x | x7) be the density forecast obtained from our forecasting method by
using the estimated parameters values, where m = 1,...,25 and 7 = 0.05, 0.25, 0.75 and
0.95. For illustration purposes, Figure 4 shows the density forecasts form = 1,5, 10, 15, 20
and 25. Each panel presents nine curves. For example, for m = 10, the darker continuous
curve corresponds to fio(x | Xr), the grey curves correspond to fio-(z | xr) and floyT(a: |
xr) for 7 = 0.05,0.25,0.75 and 0.95. Figure 4 suggests that these density forecasts are
close to the required f,,(z | xr). The results of the KS-test show that both f,, (= | x7)
and fmT(a: | x7) are not different from f,,,(x | xr) at the 1% level of significance for all
values of m and 7 except for (m, 7) = (1, 0.75). These results suggest that the effect of 7

on the density forecasts can be ignored.

Density
015 020

Density
010

0.05

0.00

Density
Density
Density

Figure 4: Plots of the predictive density functions f,,(x | xr) (darker curves), and density
forecasts f,, -(z | xr) and f,, -(z | x7) (grey curves), where m = 1,5, 10, 15, 20, 25 and
7 = 0.05,0.25,0.75,0.95. f,,(z | xr) represents the theoretical m-step ahead predictive
density function of x;|x;_;, while f,,,(z | xr) and fmT(:c | x7) represent the density
forecasts obtained from the forecasting method by using the true and estimated parameter
values respectively.
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4.1.3 VaR forecasts

As mentioned above, any predictive quantity of interest about xp.,, given X, can be ob-
tained from our density forecasts. For illustration purposes, we consider m-step ahead
VaR forecasts in this simulation study due to their importance in finance. We obtained two
sets of VaR forecasts, denoted by VaR7,, -~ and {E}iT.}rm,T,T/, where VaR7,, ;. is the
m-step ahead 7'th VaR forecast obtained from f,, ,(x | xr), and \//ﬁTer,T,T/ is the same
quantity obtained from fmT(a: | xr), where m = 1,...,25, 7 =0.05, 0.25, 0.75, 0.95 and
7" =0.001, 0.005, 0.01, 0.05, 0.25, 0.5, 0.75, 0.95, 0.99, 0.995, 0.999.

We compare these two sets of VaR forecasts by calculating the value of RMSE between

VaR7p, -~ and \EJRTerﬁﬁx. The results are shown in Table 3. We can see that the VaR

forecasts VaRr., ; » are similar for different 7 values in this simulation study, which fur-
ther confirm that a VaR; process at a single quantile level is good enough for us to obtain
density forecasts for market returns that follow TGARCH model (1). However, to avoid
potential problems associated with the estimation of VaR, at extreme levels due to lack of
information, we suggest using VaR, at a non-extreme level for density forecasting and for

predicting other quantities of interest about the process under study.

Table 3: RMSE values between m-step ahead VaR forecasts VaR7,, -~ and \751/2T+m77’71
form=1,...,25
7\ 7 10.001 0.005 0.01 005 025 050 0.75 095 099 0.995 0.999
0.05 052 038 035 029 0.12 0.03 0.10 037 0.75 071 0.73
0.25 .72 131 099 039 0.19 0.04 0.11 030 094 1.10 1.40
0.75 058 054 0.67 020 0.06 0.02 004 022 036 054 0.79
0.95 087 066 059 025 0.15 004 0.11 032 0.73 080 1.12

Note that we have also repeated the above simulation study 100 times. The results
obtained were consistent with those shown above, and hence are not discussed further to

save space.
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4.2 Simulation study: Double threshold
In this section we consider a model with two thresholds:

0.1 +0.222 | +0.09h;_1, 145 < —0.2,
e =¢erV e, he=4q 025+0.1522 , +0.14h;;, —0.2 <z, 5 <0.3, (12)
0.9 +0.1522 , +0.4h;y,  x49 > 0.3,

where ¢, follows a t-distribution with 3 degrees of freedom. We set the delay parameter
d = 2 and we consider 7 = 0.75. Hence sq = sign(()(0.75)) = 1. We simulated 100 time
series, each of size 500, from model (12). Figure 1(b) shows the first of these simulated
time series. By applying our method to each of the simulated time series we obtained 100
estimated values for each of the parameters.

Let xgﬂml be the ith sample of 27, |x7 obtained by using the (th simulated time series

and model (12) with the true parameter values, where ¢,/ = 1,...,100. Then {x%ﬂm sl

=1,...,100} is a pooled sample of x7,,|x7, which can be used to obtain the true density

function of xp ., |xr

Similarly, let :f:gflmz be the sample obtained by using our forecasting method with the

estimated parameter values. Then {@E,Qrml, 1=1,..., 100} can be used to obtain the /th

density forecast for xp,,|x7, where ¢ = 1,...,100.

The KS-test was used to formally test the differences between the true density function
of x7,m|xr and the corresponding density forecasts for all m and ¢. In total we carried
out 2500 tests, among which only 1.64% of the tests rejected the null hypothesis at the 1%

level of significance. These results further suggest that our forecasting method works well.

In summary, the simulation results show that the performance of our quasi-likelihood
based method that uses quantile information of the underlying process for parameter es-
timations is very satisfactory. They also confirm that good density forecasts for financial
returns that follow the TGARCH model (1) can be obtained by using the induced one-step

ahead VaR; at a single non-extreme quantile level.
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5 Forecasting Hang Seng and S&P500 returns

In this section we illustrate our method by conducting empirical work on Hang Seng and
S&P500 daily closing indices from 3 January 2007 to 12 July 2012. The data are available
from Yahoo, with days on which the market was closed having been removed. We are in-

terested in the returns of these daily closing indices. Figures 5(a)-(b) show time series plots
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Figure 5: (a)(b) Time series plots, (c)(d) the returns and (e)(f) the autocorrelation function
of the returns for the Hang Seng and S&P500 indices from 3 January 2007 to 12 July 2012.

of the two indices, while Figures 5(c)-(d) show the associated returns. The autocorrelation

structure of the two return series can be seen from Figure 5(e)-(f).

The last 30 values of the returns were not included in our parameter estimation pro-

cedure, but were used to evaluate our out-of-sample multiple step ahead forecasts. For
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each return series, we will (i) estimate the one-step ahead VaR; at the 75% level, (i1) obtain
out-of-sample density forecasts, (iii) compare point forecasts with the actually observed re-
turns, and (iv) make a comparison of our density forecasts with those obtained from other

models.

5.1 Results from our method

5.1.1 Estimated models

For the Hang Seng daily closing indices, let x; be the return value at time ¢. As Figure 5(e)
shows little autocorrelation structure in the return series, our estimation method was em-
ployed on the return series directly, resulting in the following estimated model at the 75%

level:

\/0.0003 4+0.231122 | +0.1891 VaR2 ,,  if z,_ < —0.0090,

VaR, = (13)

\/0.00008 +0.0997 22, + 0.1627 VaR% | | if 2,_5 > —0.0090.

For the S&P500 daily closing indices, let y, be the return value at time ¢. Since Fig-
ure 5(f) shows a strong autocorrelation at lags 1 and 2, we first estimated a sequence of
ARMA models for the returns and concluded that an AR(2) process satisfactorily modelled
the data. Let the residuals of the fitted AR(2) model be z; = y; — élyt_l — égyt_g, where
f, = —0.1344 (0.0267) and /5 = —0.0777 (0.0267) are the estimated parameter values
with the standard errors in brackets. By applying our estimation method to x;, we obtained

the following estimated model, again at the 75% level:

ViR /0.00018 + 0.2328 27 , + 0.2412 (VaR? )2, if 2,5 < —0.0059,
a : =

/0.00004 + 0.0881 42, + 0.1858 (VaRy_,)%, if z,_5 > —0.0059.
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The estimated one-step ahead VaR process for the S&P500 returns is then given by

VaRi! = VaRf + élyt—l + égyt_g . (15)

Hence, forecasts of 1, can be obtained from those of x; by using y; = x; + £1yt_1 + égyt_g.

Now we use the one-step ahead VaR; processes (13) and (15) to obtain density forecasts

for the Hang Seng and S&P500 return series respectively.

5.1.2 Forecasting results

Using our forecasting method, we obtained density forecasts up to 30 steps ahead for both
return series. To make the plots clearer, we only show the density forecasts in Figure 6(a)-
(d) for m = 1, 10, 20 and 30, where the grey and black curves are the density forecasts for
the Hang Seng and S&P500 return series respectively. It is seen that multiple step ahead

conditional density forecasts can be skewed either to the right or left.

Figure 6(e)-(f) show the point forecasts for Hang Seng and S&P500 return series re-
spectively. In each of these plots, the black curve corresponds to the observed returns, the
middle grey curve shows the m-step ahead mean forecasts, and the upper and lower grey
curves provide the m-step ahead VaR forecasts at levels 7 = 0.95 and 0.05 respectively,
where m = 1,...,30. The mean squared error (MSE) and the mean absolute difference
(MAD) between the predicted and the observed returns are all less than 9.629 x 10~ for
both return series. The range between the two m-step ahead VaR forecasts also provides
a measure of the volatility of z7,,|xr. In fact, this is a measure of the variation of the
distribution with respect to its median, and so we suggest using it in practice when the

distribution of the returns is skewed.
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Figure 6: (a)-(d) Density forecasts for Hang Seng (grey curves) and S&P500 (black curves)
returns respectively. (e)(f) Point forecasts for Hang Seng and S&P500 return series, where
the black curve corresponds to the observed returns, the middle grey curve shows the m-
step ahead mean forecasts, where m = 1,...,30, and the upper and lower grey curves
provide the m-step ahead VaR forecasts at levels 7 = 0.95 and 0.05 respectively. The
middle dashed curve shows the m-step ahead mean forecasts from the ARMA-GARCH
models and the upper and lower dashed curves give the corresponding 90% prediction
intervals.
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5.2 Comparison of forecasts
5.2.1 Comparison with ARMA-GARCH models

For comparison purposes, we fitted an ARMA-GARCH type model to each of the two
return series. For Hang Seng returns, the best fitted model is a GARCH(1,1) given by
v = e/ hy, where hy = 3.305 x 1076 + 0.087yt2,1 + 0.905h,_ and ¢; follows a skewed

t-distribution with skewness 0.926 and degrees of freedom 10.

For S&P500 returns, the best fitted model was found to be an AR(2)-GARCH(1,1) and
is given by y; = —0.095y,_1 — 0.0571;_s + .v/hs , Where by, = 2.02 x 1076 4 0.112(y;—1 +
0.095y;_o + 0.057y;_3)* + 0.887h;_ and &; follows a skewed t-distribution with skewness
0.830 and degrees of freedom 6.049.

For both models we chose to use a skewed t-distribution for ¢; because this distribution
can deal with more complex data structures. The mean forecasts for the next 30 days were
obtained and are shown as the middle dashed curves in Figure 6(e)-(f), where the upper and
lower dashed curves form a 90% prediction interval. It is seen that the mean forecasts from
the ARMA-GARCH models decrease to 0 very quickly as expected. Note that the range of
the prediction intervals do not provide a good measure for the volatility of the underlying

processes.

To obtain density forecasts from the fitted ARMA-GARCH models, a conventional
simulation method was used, which provides us with a random sample from the m-step
ahead predictive distribution function, where m = 1,...,30. Hence, for each financial
return series, we obtained two sets of density forecasts: one from our method and the
other from the ARMA-GARCH model. We now test the differences between these density

forecasts by using the method of Diebold et al. (1998) as discussed in Section 3.2.

Figure 7 shows the ACF of w,, = z, — Z, where z is the mean of the probability
integral transforms z,,, of 7., m = 1,...,30. It is seen that the correlation between the

probability integral transforms is not statistically significant in all cases. So from this point
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of view, both models perform similarly.

(a) HS—-TGARCH: acf of wp,
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Figure 7: ACF plots of the probability integral transforms z,,s. (a)(c) for our models and
(b)(d) for ARMA-GARCH models.

Figure 8 shows the empirical distributions of z,,s (step curves) for the two return series,
where the two dashed curves in each panel form a corresponding 95% confidence interval
for the distribution of the probability integral transforms, and the grey straight line is the
U(0,1) cumulative distribution function. Figure 8 suggests that for Hang Seng return se-
ries, the two sets of density forecasts are satisfactory, which was further confirmed by the
KS-test as in both cases we cannot reject the null hypothesis of the test at the 5% level
of significance. However, for the S&P500 return series, our method outperforms that of
the ARMA-GARCH model, which was also confirmed by the KS-test: for our results the

p-value is 0.9562, while for the ARMA-GARCH model the p-value is 4.9 x 107°.

5.2.2 Comparison with GJR-GARCH models

The GJR-GARCH model of order 1 (Glosten et al., 1993) is defined by z; = \/h; ;, where
hy = w+ (a+ blriy <0))z? , + dhs_1, and & is the error term of the model. In this

comparison, we also let €, follow a skewed t-distribution.
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Figure 8: Plots of the empirical distributions of the probability integral transforms z,,s
(step curves) together with an associated 95% confidence interval (dashed curves). The
grey line is the U(0, 1) cumulative distribution function. (a)(b) for our models and (c)(d)
for ARMA-GARCH models.

For the Hang Seng return series, the estimated GJR-GARCH model is given by z; =
V'hi e, where by = 0.4 x 107°4(0.035+0.104 I [x;_1 < 0])z7_, +0.900h;_and ; follows

a skewed t-distribution with skewness 0.931 and degrees of freedom 18.031.

For the S&P500 return series, the estimated AR(2)-GJR-GARCH model is given by

Y = —0.091y,_1 — 0.0551;_o + /Ry &¢, Where

hy = 0.3x107°+(0.1x 107" +0.187 I [z < 0])(3¢+0.091%,_, +0.055y,_2)>+0.897h? |

and ¢, follows a skewed t-distribution with skewness 0.812 and degrees of freedom 6.701.
Figure 9 checks the density forecasts obtained from the above GJR-GARCH models.

Clearly, the distribution of the probability integral transforms are away from U(0, 1) and
there exists strong autocorrelation between these transforms. All these results suggest that
the density forecasts obtained from the GJR-GARCH models are not satisfactory. One of

the possible reasons for this unsatisfactory GJR-GARCH performance could be that both
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Figure 9: Density forecasting evaluation for GJR-GARCH models: (a)(c) Empirical dis-
tribution function plots of z,,s (step curves) together with an associated 95% confidence
interval (dashed curves). (b)(d) ACF plots of z,,s.

the threshold and the delay parameter values in this model are fixed, rather than being

estimated by using the information in the data.

6 Further comments and conclusions

This paper proposes a novel density forecasting method for financial returns that follow the
TGARCH model (1). This method does not require the estimation of the TGARCH model
itself, but instead Bayesian inference is performed about an induced multiple threshold
one-step ahead VaR process at a single chosen quantile level. This is achieved by means of

a quasi-likelihood based approach that uses quantile information.

Our results suggest that any non-extreme quantile level could be used when estimating
the induced one-step ahead VaR process. Unlike many other quantile regression based ap-

proaches, our forecasting method does not suffer from problems related to quantile crossing
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or extreme quantile estimation because it only needs a single quantile estimate at a non-

extreme quantile level.

In this paper, the number of thresholds and the order of the model are assumed known.
However, it is possible to develop a reversible jump MCMC method to estimate these
parameters simultaneously with all the other model parameters. We leave this for future

work.

Finally, if we had focused on estimating the mean and scale \/h; of x, following the
TGARCH model (1), then a classical quasi-likelihood based estimation approach could
have been developed. However, with such an approach the estimation of /h; could be
seriously affected by outliers because \/h; measures the conditional scale of the underlying
process with respect to its mean. On the other hand, our quasi-likelihood method estimates
a quantile of the process, which is generally less sensitive to outliers. We feel that a sys-
tematic comparison between these approaches is required for the case when outliers are

present, and we leave this comparison for future research.
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Appendix I

We want to show that if x; follows model (1), then VaR, follows expression (2).

Let Q(7) be the Tth quantile of &;. It follows from (1) that the 7th quantile of z, i.e.
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one-step ahead VaR; , is given by VaR; = Q(7)+v/h;. Hence,

VaR? = Q*(1)h,
= Q*(7) {2521 (ajo + Doply agpf, + D0y Bighig) I [71-a € Qﬂ}
= 3 (Q3(T)ajo + Yol @ (T) ey, + Yoily QF(T)Bjghi—g) T -0 € Q).

So it follows from VaR;_ = Q*(7)h,—, that

VaR? =30 (ajo+ Y00, agpa?, + S0l bigVaRy ) T wi—q € Q]

where a;, = Q*(7)a;, and b;, = 3;,. Taking the square root on both sides gives

VaR; = sq \/ Soh o (ajo + 30y aja?, + S0 bigVaR? ) T [w—q € Q).

in which s = sign(Q(7)).

Appendix I1

We now prove Proposition 1. First recall that v, are iid with 7th quantile VaR; and vari-

ance 1. It follows from (1) that
Elz; | x,-1] = 0 and that E[z? | x,_] = Var[z, | x,_1] = h,. (16)
Hence, it follows from (3) and (16) that
0= Elz; | xi—1] = VaR; + /g E[v], so that \/g; E[v,] = —VaR,,
and that
hy = E[z} | xi-1] = E[(VaR, + /gvy)? | x4-1]

= VaR} + 2 VaR, \/g; E[v)] + g E[v}].
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Hence,
ht + VaR?

h; = VaR? — 2 VaR? + g, E[v?], so that g, = 5
Efvf]

as required.

Moreover, it follows from this result, from (2) and from the facts that 3;, = b;, and v,

are iid that

_ ht + \/ElRt2
gt B[]

= ﬁ S5 {(go + ago) + o0 (o + agp)a?, + bjg(hug + VaR? )} Ixi_q € ]

ht_q + VaR?_q

k Q0 + a; Pyt Ay
:ijl{ J0 2]0+Z§J:1 Jp P 2 +qu Z 5
[v7]

B0 B filncs o

= Z?:l {¢j0 + szzl ¢jpxt2—p + qugt—q} I[il?t—d S Qj],

where ¢;, = (o, + a;p)/E[vi] for j = 1,...,kand p = 0,...,p,. This completes the

proof.

Appendix III

We now prove Proposition 2. First note that

maXgen L(/67 v, d7 SQ | XT, k7 P, q, Xy, Vtm gto)

_ V1—27 4272 (z; — VaR,) V1 — 27 + 272
= maxgeq [ ], o PN T (r — 1 [z = VaR,])

~ maxpen [T, YI=20 £27 o {_(:ct—VaRt)m—zr+272(r—1[(xt—VaRt)/\/§<0])}
et P Vo1 =7) |
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Let v; = (2; — VaR;)/,/g;. Then,

maxL(B, Y, d7 SQ | XT, k:a P, q,; X, Vt()v gto)

s s v Y
— max ][, vI_ 27 4 22 exp{ v V1 2rj(ff_(:) v, < 0))

< min ), v (1 — I [v; < 0])

@»minzt%——\/;_ia&(pl[%%f&wb.

Hence

A

0 = arg maxgeq L(/8777d7 SQ ‘ XT, k7p7q7 Xtovvtoagto)

= argmingeq Y, Tt ?/%aRt (T —1 [

Ty — VaRt
st <0
VIt

)

as required.

Appendix IV

To prove Proposition 3, we need to show that

/71-(/67’77d5 SQ ’ XTakapaqa Xtoavtmgto)de < 0.
Q

Note that, for any 6 € (), we have g, > 2521 djol [x1—q € ;] > ¢ > 0, and that

exp | VI — 27 + 272 (¢ — VaR,)/ {/Gr (7 — I [z, > VaRt])}] <1
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Hence, using (8), we have

fQ 71-(/Bﬂ v, d7 SQ | XT, kv P, g, X, Vtoa gto)de

< M HtT:to—i—l ﬁ fQ 77,3(/3>777(7)7Td(d)ﬂ8(362)d0

~ WLV Joy 73(B)7 (3)mald)m, (5)dB.

Therefore, if the prior density function is well defined on Q, i.e. if [, 73(8)m, (v)ma(d)7s(s0)dO <
oo, we must have fQ (B,7,d,s¢ | xr,k, P, q, Xty, Vi,, &1, )d0 < oo. That it, the posterior

distribution is well defined on 2.

Appendix V

Since d and s are uniformly distributed on {1,...,dy} and {—1, 1} respectively, m4(d)

and 74(s¢) are constant. The prior density functions of a;,, ¢;p, bj,, and y; are given by

1 —1n2(a;,) /202 1 —1In%(¢;p) /222
Ty, — ———————¢ )0y = ——————=e " PP
" agoV2T T GpApV2T
b w1 e

Tojq = /o~ ) s /o~
ququ 27 fj 2w
where 0, 5;4, A\jp and ; are the scale parameters of these log-normal or normal distribu-

tions respectively.

Hence the prior density function 7¢(3,7,d, sq | k., P, q, Xty, Vi,, 8t,) 18 given by

To (167 s d? SQ | k? P, q; X, Vt07 gto) =Tp <B>7T’Y(7>7Td(d)7TS<SQ>
k n? (a; o —1In
X szl 0{ ~inlear)/2 Jp/aﬂ,ajp}{e l (%p)/g)\”/%p Ajp}

X 1{€_ln 7 /28”/qu5]!1}{€ /% /f }
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Appendix VI

The general formula for calculating the Metropolis-Hastings algorithm acceptance proba-
bility can be found in Brooks (1998). This formula involves the ratios of the likelihood
functions and the prior probability density functions at the proposed and at the current val-
ues, multiplied by the ratio of appropriately defined transition densities. In the following
we derive the formulae required for calculating the acceptance probability for our MCMC

method.

A = L(/glv 7/7 dl) S/Q | XT, k7 P, q, X, Vtov gto)/L(ﬁv v, d7 SQ | XT, ka P, q, X, Vtov gto)
o [Ty {exp (@ /0) //51} Hexp (a/b) /i)
~TTy2 (Vi V/5) exp(a'/¥ = afb)

where
a=v1-27+272u;,, a=+1—-27+27%2u,
V= (r—1I[u>0))\/g, b=(r—1[u>0])/g.

B =m(B,7,d, s | kP, Xeg, Vigs 810)/T0(B, 7, d, 8¢ | Ky Py Ay Xtgs Vg, 8ro)
= T3, T (agp/a),) exp{—(In* aj, — In® a,) /202, }

X (¢jp/ ) exp{—(n* ¢, —In® ¢;,)/2X3 }

X [Ti, (bje/V),) exp{—(In* ¥, — In®b;,) /252 }

x [Ty exp{—(7}* — 72)/2¢3}

and C' = C1/C5, in which

Cr=q(B = B)a(v = v)q(d — d) q(si; — 5q)

Cy=q(B—=B8)q(y =) ald— d)q(sq = sp),
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q(a — b) represents the transition probability density function of b conditional on a, and

98" = B)/a(B— B)

! / /
~ 1T pjlajp jp qjlbﬂl—[k
- i—1 = . . = . =1
J P=baj,dgp 119 by H

¢Jo [ {(ln %o In ¢0)/S\jOH
djo { - {(ln¢jo —In ¢o)/5\j0H .

Since d' is simulated uniformly on {1, ...,dy}, ¢(d" — d)/q(d — d') = 1; similarly,

q(sp — sq)/a(sq — ) = 1. Finally,

((b—)/&) = 2((Vjo1 — 75)/&)
=1 (0= ))/&) — (v — 1)/&)

el
|
—

q

where 7y = 7 and ®(-) is the standard normal cumulative distribution function.
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